A NOTE ON REGULARITY OF SOLUTIONS TO DEGENERATE 
ELLIPTIC EQUATIONS OF CAFFARELLI-KOHN-NIRENBERG TYPE 



VERONICA FELLI AND MATTHIAS SCHNEIDER 



Abstract. We establish Holder continuity of weak solutions to degenerate critical elliptic 
equations of Caffarelli-Kohn-Nirenberg type. 



1. Introduction 
Our purpose is to establish Holder continuity of weak solutions to 

-2a-c7„.\ _ f r> r- itjN 



-div (\x\-' a Vu) = in C M JV , (1.1) 



where £1 is an open, N > 3 and a, b, and p satisfy 



N-2 

— oo < a < — - — , a < b < a + 1 
p = p(a,b) 



N - 2(1 + a - b)' 

We denote by vi' 2 (Q) the closure of C£°(Q) with respect to the norm 



lMk 2 ( Q) : = (X |Vu|2|x| " 2a ) ' ■ 

For a given weight uj we denote by L P (J7, u) the space of functions u such that 



iip(n,w) 

The space i^„(r2) is defined to be the closure of C°°(0) with respect to 



Mltfi(n) : = / |^r 2a (|Vn| 2 + | U | 



;i.2) 



Our interest in these problems arose because of their relation to nonlinear, degenerate 
elliptic equations stemming from the family of Caffarelli-Kohn-Nirenberg inequalities : if 
a, 6, and p satisfy (jl.2j) then we have for all u € T> a ' ' 



(^j \u\v\x\~ h ^J 1/P <C aAN (^j \Vu\ 2 \x\~ 2a Y 2 ■ (1-3) 
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For best constants and existence of minimizers in (|1.3|) we refer to [J]. Due to its charac- 
terization any minimizer u £ D a ' (R N ), if it exists, is a weak solution to 

-div (|x|- 2a Vn) = K{X) ^~ 2U in R N , (1.4) 

where K(x) = const for some appropriate constant. The exponent p = p(a, b, N) is the 
critical exponent in and shares many features with the critical Sobolev exponent, e.g. 
(|1.4|) possesses for K(x) = K(0) a dilation symmetry, which gives rise to a noncompact 
manifold of weak radial solutions for K(0) > 0. In order to study problem p.4|) for non- 
constant functions K using for instance a degree argument, Holder estimates for weak 
solutions of are an important tool (see 0]). 

Regularity properties of weak solution to degenerate elliptic problems with more general 
weighted operators of the form div (uj(x) V(-)) are studied in 0,0,0] (see also the references 
mentioned there). The classes of weights uj treated there include the class (QC) of weights 

u(x) = IdetT'l 1 " 2 ^, 

where T : R N ^ R N is quasi-conformal (see 0, || for a definition). In fact our weights 
| • \~ 2a are associated with quasi-conformal transformations T a (x) := x\x\~ 2a ^ N ~ 2 \ The 
right-hand sides studied in H, 0, are either zero or in divergence form, e.g. Holder 
continuity of weak solutions to 

-div(|x|- 2a Vn) = div(F) in ft 

is established in assuming |F||x| 2a 6 L P (U, |x|~ 2a ) for some p > max(A r — 2a, N, 2). We 
derive Holder estimates for weak solutions to Q1.1JI in terms of /, because a sharp relation 
of the integrability of / and its representation in divergence form F in the various weighted 
spaces is not obvious. We compare weak solutions of with ^-harmonic functions, 

which are by definition weak solutions of 

-div(|x|~ 2a Vn) = in ft, 

where Holder regularity is known (see for instance ||) and prove 



Theorem 1.1. Suppose ft C R N is a bounded domain and u £ Hl(Q) weakly solves kl.l)) . 
that is 

[ \x\~ 2a Vu- Vipdx = [ \x\- bp f^dx V<£ei?o, a (ft). 
Jn Jn 

Assume a, b and p satisfy hl.Sfy . b < a + 1, and f £ L s (ft, |x|~ 6p ) for some s > p/(p — 2). 
Then u £ C°' a for any a £ (0, 1) satisfying 



a < min(a/j, 1) and a < 




v 



) tfb>0 



?) ifb<0 



v 

where is the regularity of ji a -harmonic functions given in Theorem \2.1\ below. Moreover, 
for any ft' d ft there is a constant C = C(N, a, a, ft, dist(Q' , ft), s) such that 

. \u(x) — u(y)\ .-.(.,., n ,„ 1 

sup|u|+ sup — : — < C\ \\u\\ L 2 {n>dfJia) + ||/|| L »(n,|x|-*p) r 

n> x,y&n' F — y\ } 

For the nonlinear problem (|1.4|) we use a De Giorgi-Moser type iteration procedure as in 
Q and obtain 
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Theorem 1.2. Let a, b and p satisfy M.ty) and u G Da' 2 (^ N ) be a weak solution to 

IP-2, 



tir u 



div {\x\~ Ia Vu) = K(x y ,' , x£U (1.5) 



where K G L°°(0). T/ien u G L^ oc (f2, |x| for any s G [p, +oo[. Moreover, u is Holder 
continuous with Holder exponent given in Theorem M . 11 

Remark 1.3. While completing this note we learned that in 0/ weighted q-Laplacian equa- 
tions of the form 

-div (\x\- qa \Vu\ q - 2 Vu) = g 
are studied. Under assumption hl.ty) Holder regularity of weak solutions to equation 

-d\v(\x\- qa Vu) = in tt C R N , 

is shown if a = b, a > — 1, and f G L S (Q, \x\~ bp ) for some s > p/(p — 2). Theorem M. 1\ 
extends this result to the full range for a and b in the case q = 2. 

2. Preliminaries 

We collect some properties of the weighted measure p, a := \x\~ 2a dx and /i a -harmonic 
functions. We refer to ja, H for the proofs. 

• The measure fj, a satisfies the doubling property, i.e. for every r G (0, 1) there exists 
a constant C w^\ {t) such that 

»a(B(x,r)) < C^(r)fi a (B(x,Tr)) (2.1) 

• A Poincare-type inequality holds, i.e. there is a positive constant CjjjJJ such that 
any u G Da 2 (R N ) satisfies 

T \u - u X)r \ 2 dfi a < C|2~^l r 2 4 |Vu| 2 dp, a , (2.2) 

JB r {x) JB r (x) 

where u x ^ r denotes the weighted mean-value 

u x , r ■= / u dfi a = — J / u(x) dp, a . 

JB r (x) fJ-a{£>r{X)) J B r (x) 

Concerning p, a - harmonic functions we have the following results. 
Theorem 2.1 (Thm. 3.34 in 0(p. 65), Thm. 6.6 in @(p. 111)). 

There are constants C nr7\ (N, a) and = a^N, a) G (0,1) such that if u is p a -harmonic 
in B r (xo) C and < p < r then 

ess-sup B{xo rs\u\ < Cnn* f \u\ 2 dp, a , (2.3) 

JB(xn,r) 



>B(x ,r) 

>P\a 



osc(u, B p (x )) < 2 ah (^) a osc(u, B r {x )). (2.4) 

Consequently, p, a -harmonic functions are Holder continuous. 

We will call a function u G D^' 2 oc (W N ) weakly super /i a -harmonic in Q, if for all nonneg- 
ative <p G C£°(£l) we have 

\x\- 2a VuVip > 0. (2.5) 
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Theorem 2.2 (Thm 3.51 in jg|(p. 70)). There exist positive constants s = s(N,a) and 
C feTj^ = C{^j|(iV, a) such that if u is nonnegative and weakly super p a -harmonic in $7 and 
B2t{xq) C Q we have 

ess inf Br( ) u>Cnrn( f u s dn a y. (2.6) 

7 J Br fa) 

We use the two theorems above to derive 

Lemma 2.3. For any ball B t (xq) there is a constant C ^H^ {B t {xq)) such that any p a - 
harmonic function u in B t (xq) satisfies 

/ \Vu\ 2 dfi a < Cr^^) 2 ^- 2 I \Vu\ 2 dn a , (2.7) 

JB p (x ) 1 — ' r JB r {x ) 

where S (0, 1) is given in Theorem \2. 11 

Proof. To prove the claim we may assume that < p < (l/4)r and that u has mean- value 
zero in B r (xo). We take a cut-off function £ € C^°(B2 P (xq)) such that £ = 1 in B p (xo), 
< £ < 1, ||V£||oo < 2/9 -1 and define ip := £ 2 (« — u(xq)). Testing with <p and using Holder's 
inequality we get 

Vu\ 2 f dn a < J \V£\ 2 (u - u(x )) 2 dn a < \\u - u(xo)\\ 2 oo B2p{xo) fi a (B 2p (xo))p~ 2 . 

B r (xo) B r (xo) 

(2.8) 

Prom ((2~H|) and (f2~l|) we infer 

/ \Vu\ 2 dp a <C(^) 2a osc(u,Br_(x )) 2 p- 2 <C(^) 2a p~ 2 / \u\ 2 dp a 

Jb p (x ) r 2 r JB r (x ) 

Finally, since u has mean- value zero in B t {xq) the Poincare inequality (|2.2jl yields the 
claim. □ 

3. Growth of local integrals 

We give a weighted version of the Campanato-Morrey characterization of Holder contin- 
uous functions. 

Theorem 3.1. Suppose Vt<zM. N is a bounded domain and u € L 2 (£l, dp a ) satisfies 

\u(y) - u x , r \ 2 dp a < M 2 r 2a for any B r (x) C fi (3.1) 



Ib, 



>B r {x) 

and some a 6 (0, 1). Then u S C°' a (fJ) and for any Q' d 17 there holds 

\u(x) — u(y)\ r 1 

SUP \U + SUp ; < C\ M+ \\U \\ L 2 {n M-2a) \ 

Q' x,yen' \ x -y\ 1 

x+y 

where C = C(N, a, a, £1, dist(p,', Q)) is a positive constant independent of u. 

Proof. Denote Rq = dist(f2', d£l). Using the triangle inequality and integrating in B ri (xo) 
we have for any xq € Q! and < r\ < r 2 < Ro 

|2 



2 



< 



Pa{B ri (X )) 



I / \u{x) - U XQtTl \ 2 dp a + j \u(x) - U X0tr2 \ 2 dp, a \. 

lJB n (x ) JB r2 {x ) ) 
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Using assumption (|3.1|) we obtain 



2 " ii a {B!lx Q )) {^ B r^o))rj a + n a (B r2 (x )y 2 a }. (3.2) 

For any R < i? we take n = 2~( i+1 ) J R and r 2 = 2"^ in (|3~2j) . The doubling property (j2~Tj) 
then gives 



|«aro,2-(*+DJ2 " %o,2-^| < 2M 2 (l + CgJJ (iV, a)2 2a j 
We sum up and get for h < k 

, , C(iV^a)M 

l^o^-^R ~~ u x ,2- k R\ - ^ha • V > 

The above estimates prove that {u XQ 2- 4 i?}«eN C 1 is a Cauchy sequence in M, hence it 
converges to some limit, denoted as u{xq). The value of u(xq) is independent of R, which 
may be seen by analogous estimates. Consequently, from (|3.3j) we have that 

\u X0 , r - u(x )\ < C{N,a,a)Mr a Vx G 0'. (3.4) 



By the Lebesgue theorem we infer 

\B r ( x )\ $ Br { X) \y\~ 2a <y) d y 



u. 



— > it(x), a. e. in Q' . 

+0+ 



/bt(x) If I 2ad y tb^sji 

Hence u = ti a. e. in 0' and 1)3.4(1 gives 

|«*o,r -tt(so)| < C(N,a,a)Mr a Vx G fi', (3.5) 

which implies that u X)J - converges to u uniformly in W . Since x t— > u xr is a continuous 
function, we conclude that u is continuous in W . From ()3.5() we have 

\u{x)\ < C{N, a, a)MR a + \u x , R \ £ fi', V R < R . 

Thus u is bounded in Q' with the estimate 

sup \u\ < c(N, a, a, f2, dist(0', M + \\u\\ L 2iq \ x \-**) >. (3.6) 

Let us now prove that u is Holder continuous. Let x, y G f2' with |x — y| = R < Assume 
that |x| < \y\. Then we have 

\u(x) - u(y)\ < \u(x) - u X)2 r\ + \u(y) - u V) 2r\ + \u x , 2R - u yj2R \. 

The first two terms are estimated by 1)3.5(1 . whereas for the last term we have 

\U X ,2R ~ Uy :2 R] 2 < 2{\U X) 2R ~ u(£,)\ 2 + - %,2r| 2 } 

and integrating with respect to £ over B 2 r{x) n B2 R (y) 5 B R (x) we obtain 

\u x , 2 R ~ u y ,2 R \ 2 < - T ^ T ^(M 2 fi a (B2 R (x))2 2a R 2a + M 2 fi a (B 2R (y))2 2a R 2a 

/J-a{B R {X)) \ 

Since x is closer to than y, we have that fj, a (B 2R (y)) < fJ> a (B 2R (x)) and hence 

\u(x) - u(y)\ < C{N, a, a)M\x - y\ a . 
If \x — y\ > ^ we can use estimate ()3.6J) thus finding 



\u(x) — u(y) | < 2 sup | it | < c2 c 



M + 7^IMU 2 (n,|a;|- 2a ) 
it 



|x - y\ a . 



The proof is thereby complete. □ 
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Corollary 3.2. Suppose C is a bounded domain and u £ H^(Q) satisfies 
j \Vu\ 2 dp a < M 2 r 2a ~ 2 for any B r (x) C 

JB r (x) 

and some a £ (0, 1). Then u £ C°' a (f2) and for any Q' <<= SI there holds 

\u(x) — u(y)\ r i 

SUP \U + SUp : < C\M + \\U L2 (a , a ,|-2a ) f 

n' x, y ew \x-y\ a y. K '' 1 >> 

x+y 

where c = c(N, a, a, Q, dist(£l', £1)) > 0. 

Proof. The proof follows from Theorem 13, II and the Poincare type inequality in (|2.2() . □ 

Proof of Theorem 11.11 Let w £ u + Hq a (B r (xo)) be the unique solution to the Dirichlet 
problem 

f-div(|x|- 2a Vu;) = mB r { X Q) 

( \dB r {x ) 

Clearly the function v = u — w £ HQ a (B r (xo)) weakly solves 

-div(\x\- 2a Vv) = j^ mB r (x ). 



\x 



Testing the above equation with v and using Holder's inequality and (|1.3|) . we get 

( p-i . .i 
/ i*r 6p i/i^ ) p ( f \Vv\ 2 d^ a Y. 
JB r (x ) J \JB r {x ) J 

Since / £ L S (J1, |x| _bp ) for some s > p/ (p— 2) we may use Holder's inequality with conjugate 
exponents s(p — l)/p and 

s(p — 1) p — 1 



a(p-l)-p l + (p-2-§) 
and Lemma lA. II with e = 2(p — 2 — p/s)/p to obtain 



(3.8) 



/ \Vv\ 2 dHa<C 2 aAN ( [ \x\- b V\f\ S Y ( [ \x\~ b A P ' 

2 

< Cr- 2+7V£ max(r, |x |)-^a(^o)) ( / M^l/I* J ' 

\JB r (io) / 

From Q2.7|) we deduce for any < p < r 
+ |Vuj 2 dfi a <4: 4 \Vw\ 2 dfi a + 4 4 \X7v\ 2 d^L a 

Jb p (x ) Jb p (x ) Jb p (x ) 

< 4C, E3(-) 2Q ^ 2 / \Vw\ 2 dfla + A^Bpixo))- 1 [ \Vv\ 2 dfl 

r JB r (x ) JB r (x ) 



(3.9) 
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Since w minimizes the Dirichlet integral we may replace w in ()3.9j) by u. If we further 
estimate the integral containing v in ()3.9|) using Q3.8|) we get 

-2+2a h 



Vn| 2 dfl a < C^flaiBpixo^flaiBrixo))- 1 (^j |Vu| 2 0> 

+ r- 2 +^max(r,|xo|)- 6pe /i a ( J B r (xo)||/||i a(Br(xo)>| . 6p) ). 



We estimate the term max(r, |xo|) _fepe by r~ bp£ if b > and in the case b < by a constant 
C(f2). For the rest of the proof we will consider the more interesting situation b > 0. The 
case b < may be treated analogously. 

Lemma TA.2I with := J B ^ |Vti| 2 d// a gives for < p < r < := dist(a;o, 3f2) 

12 j. ^ ^f„\f Va(B P (xo)) ( p\~ 2+2a f ,^,2 



|V^d/x a <C(«) r"7 B £ / |Vu| 2 aX 

+ p-W-«p)« A i B (B p (xo)||/||i.(n 1 H-^)- 

We take a cut-off function £ G C%°(B r (xo)) such that £ = 1 in B r / 2 (xo), < £ < 1, 
||V£||oo < 2r _1 and define := £ 2 «. Testing with and using (|1.3j) and Holder's inequality 
we get 



L 



|Vu| 2 £ 2 < CaAN\\f\\ L ^ {nM _ bp) MMvl' 2 (n) 



B r (x ) 

+ ll nV £llz, 2 (B r (x ), d^ a )\\^ui\\L^(B r (x ),d^ a )- 

We divide by \\VuC\\ L ^(B r (x ), dti a ) and obtain 



|2^2 j.. ^ Lp^ (n,\x\- b P) u a K 11 ) | |„ iV7t ||2 



/ |Vuj z £ z d» a < || V ^||V""" — + W u ^Wh(B rM , d , a) 



2|L.I|2 



||Vll£|| 2 -.- ■ H"llL 2 (B r (x ), dMa) 



< ; 2 K " ' h4r z ||u 

ll/ 2 (B r (a:o), dfi a ) 

( 8r~ 2 lliill 2 

< <6,ivll/ll^ ( ,,^,.,.2 (flr( '° ),<W) + 2 

-2lL,||2 



p=r(n,|*|-*p) ^ l|V«£|| 2 2(Br(a;o)i ^ a) 



+ 4r z kt 



L 2 (B r (a;o), ^Ma)' 



Thus 



Vn| 2 £ 2 dp a < 8C a V||/|| 2 ^ (CjN _ ftp) +4r- 2 ||u||l 2(Br(xo)i ^ ) . 



'B r (xo) 

Taking r = tq we have for < p < tq/2 



/ (Vu| 2 d/i a < C(N, a, fi,r )( / M 2 d/i a + 



2 \ „-2+2a 

LP = ^(f2,|a;|-' , P di) 



From the above estimate, Corollary 13.21 and, the fact that (TV — bp)2/p = N — 2 — 2a we 
derive the desired conclusion. □ 
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4. A Brezis-Kato type Lemma 

As in 0] we prove the following lemma to start an iteration procedure. 

Lemma 4.1. Let C 1^ be open, a, b and p satisfy M.fy) . and q > 2. Suppose u € 
Dl' 2 (R N ) n L"(n, \x\~ b P) is a weak solution of 

-div(|x|^V.)-^. = M »0, (4.1) 
where f G L q (£l, and V satisfies for some I > 

[ \x\-'*\V\&+ [ |x|-^|y|^<min{kj,-^-C- fe 1 i7V } P " 2 . (4.2) 

J\v{x)\>e Jn\B e (o) 1° 9 + 4 J 

Then for any £1' <s 

(4.3) 

//, moreover, u £ T>a' 2 (Q) then remains true for Q' = f2. 

Proof. Holder's inequality, Ql.Hj) and (|4.2j) give for any it; G 2?d' 2 (f2) 

|xr 6p |y(x)|w; 2 < £ / |x|-%; 2 + / |x|- b ( p - 2 )|T/||xr%; 2 



|y(x)|<£ and |V(x)|>^ or 

xennB e {o) xen\B e (o) 



cnSf(o) 



|V(a:)|>« or 
x£tt\B e (0) 



<i\ \x\~ bp w 2 +mm(l, -?—) [ |xr 2a |VH 2 . (4-4) 

JnnB e (o) v ° Q + ^ J Jn 

Suppose now that u € L q (Q, \x\~ bp ). Fix Q' <s Q, and a nonnegative cut-off function 77, such 
that supp(ry) <s= f2 and 77 = 1 on (7'. Set u n := min(n, |ti|) E D a ' (1^) and test (|4.1j) with 
n(-u n )9- 2 r/ 2 e 2?a' 2 (^)- This leads to 



( q -2) / |x|- 2 V|Vu n | 2 K)"- 2 + / |x|- 2 VK)"" 2 |v«| 2 

\x\~ bp V{x)n 2 u 2 {u n ) q - 2 + / |xr fep /r/ 2 (n n ) ,? - 2 7 J -2 / Ixr^Vur/M^Vj/u. 
We use the elementary inequality 2ab < I /2a? + 46 2 and obtain 

(q-2) [ \x\~ 2a V 2 \Vu n \ 2 {u n ) q ~ 2 + 1 [ \x\- 2a n 2 {u n ) q ~ 2 \Vu\ 2 (4.5) 

< I \x\- bp V{x)n 2 u 2 {u n ) q ~ 2 + / |x|- bp /r ? 2 (n n )"- 2 7 J + 4 / |x|- 2a |Vr7| 2 n 2 (n n ) g - 2 . 
Jn Jsi 

Furthermore, an explicit calculation gives 

\V({u n )i- l un)\ 2 < {q + 4)(g ~ 2) (n")"' 2 ?/ 2 1 Wf + 2(nT~ 2 |Vn|V 



+ 2( U n )^V|Vr/| 2 + i^(n") 9 |V?7| 2 . 



(4.6) 
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Let C(q) := min{i, From and we get 

V((n n )§- 1 n7?)| 2 r (u n ) 9 ~V|V? ? | 2 g- 2 / Vt?| 



x| 2a ~ v 7n M 2a 2 J n \x\ 2a 

Estimate (|4.4|) applied to 7/(u n )2 _1 u gives 

y+^K)!-^) 2 < c( g ) /• IV^K)!-^)! 2 | t r (u n ) q ~ 2 uW (4g) 



By Holder's inequality and convexity we arrive at 

/ ^ ( -^? < ^ / |.|-N*|«-|**M* + i / M^I/IV- (4.9) 

Jn | x |t M — i — Q Jn Q Jn 

We use (|4.8j) and (|4.9|) to estimate the terms with / and V in (|4.7|) . then <|1.3|) yields 

\l 

xl-^lu^l^-^ltilV) 
/ 

C{q)q Jn C{q)q J n 

+ 2 -^f I ix|-vi« B r 2 « a + 4Ca - fe( i +c(g)) / M-^Krvivi/i 3 

Cw) JnnB e (o) C{q) J n 



+ C aAN (q-2) [ \x\- 2a \u n \«\Vr)f 
Jn 



Letting n — > oo in the above inequality IJ4.HJI follows. Observe that if n G X>a' 2 (f2) then we 
need not to use the cut-off r\ and the same analysis as above gives the estimate (|4 .!-{)) for 
Q' = £1. The lemma is thereby proved. □ 

Remark 4.2. By Vitali's theorem V belongs to L P ^~ 2 \Q, \x\~ bp ) if and only if there exists 
£ such that is satisfied. But the constant in j4.3\) depends uniformly on £ and not on 

the norm ofV in L P ^ P ~ 2 \Q, \x\~ bp ). 

Proof of Theorem 11.21 We apply Lemma 14.11 with / = and V(x) = K(x)\u\ p ~ 2 . 
Starting with q = p, the lemma gives u G L^ c (0, \x\ p ). Taking q = we find 



— U V ' /2 h 

u G L,* (O, \x\~ p ). Iterating the process, we obtain that u G Lf oc 1 (Q, \x\- bp ) for 



pfc + 1 /ofc 

any k. Let /co G N be such that (p/2) k ° > 2{p — l)/(p — 2), then after feg steps we 

2p(p-l) 

find that ti G L^ Q ^ 2 ($7). Having this high integrability we may use Theorem 11.11 with 
f(x) = K(x)\u\ p ~ 2 u to get the desired regularity of u. □ 

Appendix A. 

Lemma A.l. Let a, b and p satisfy and e > 0. Then we have 

(f \x\- bp ) <Crjji(N)p- 2 ^ N (m^(p,\x \)-" bp [ \x\~ 2a . (A.l) 

\Jb p (x ) J ^ Jb p (x ) 
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Proof. Let us distinguish two cases. 

Case 1: p > \x \/2. Since (N - bp)(2/p + e) = N-2-2a + e(N - bp) we obtain 

/ \2/p+e / \2/p+e 

/ \x\- bp ) < / \x\' bp ) =Cl{N)p N-2-2a + e(N- bp) _ 

\Jb p (x ) J \JB 3p (0) J 

From the doubling property (|2.1|) and the fact that B p (0) C i?4p(xo) we infer, 

p£ (N-b P )-2 j i^-Sa > cp£ (JV- 6p )-2 /" ^-2a 

J B p (x ) J B 4p (x ) 

> cp e(N-bp)-2 f | x |-2a = ^ ( N)p N-2-2a+e(N-b P ) 

Jb p (o) 

and the claim follows in Case 1. 

Case 2: p < \xo\/2. We have for all x € B r (xo) that 1/2 < |x|/|xoj < 3. Consequently, 

\ 2/p+e 

\x\~ b v < C 3 (N)p N ^P + ^\x r 2b - £b P 

, B p (x ) J 

<c 3 (N)p N ~ 2 \x r 2a p 2N ^ N+2 \x r 2 ^p N£ \x r £b p 

From r < |xo|/2 we get 

\ 2/p+e 



bp ) <C 3 (N)p N - 2 \x \- 2a p N£ \x \- £b P 



if '* 

\-JB p (x ) J 

<C,(N)( [ \x\- 2a ) p N£ \x \- £b P, 

\Jb p (x ) J 

which ends the proof. □ 

Lemma A. 2. Suppose & be a nonnegative and nondecreasing functions on [0, R] such that 

Hp) < A x p a {B p (x))p a {B r (x)Y\^y a ^(r) + A 2 p a {B r (x)) r -^ (A.2) 

for any < p < r < R, where A\, A 2 , a and (3 are positive constants satisfying a < (3. 
Then for any 7 G (a,/3) there exists a constant C r^jk = C \J^ d (Ai, a, ft, 7) independent of 
x and r such that for < p < r < R 

HP) < C|X1 (pa{B p (x))p a (B r (x)y 1 {^y^(r)+A 2 (i a (B p (x))p-^ . (A.3) 

Proof. Fix 7 £ (a,/?) and set r := min(A 1 a , 1/2). Then we have for < r < R 

Hrr) < paiBrrix^paiBrix^T^Hr) + A 2 r~ f3 p a (B r (x)). 
Hence we may estimate for k € N 
Hr k+1 r) < PaiB^ix^paiB^x))- 1 ^) 

< p a {B Tk+lr {x))p a {B r {x)y\^ k+l ^Hr)+A 2 {r k r)^p a {B Tkj {x)) 

k 

■ V PaiB^+^X^PaiB^ix))- 1 PaiB^-^ix^PaiB^-j+^x))- 1 T^~^ 



j=0 



<1 <c 



j2jj(r) by O 



< C m (r)p a (B Tk+ , r \x))p a (B r (x)r\^ k+1 ^Hr) + ^^ (r^r)^^,^)) 
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For < p < r we may choose k G N such that j k+2 r < p < r fe+1 r and obtain 
Hp) < $(r fe+1 r) 



< C m {r)^ a (B p (x))p a {B r {x))-\^^{r) + ^^-lp a{Bp (x))p^. 

□ 



References 

[1] H. Brezis and T. Kato. Remarks on the Schrddinger operator with singular complex 
potentials. J. Math. Pures Appl. (9), 58 (1979), no. 2, 137-151. 

[2] L. Caffarelli, R. Kohn and L. Nirenberg. First order interpolation inequalities with 
weights. Compositio Math., 53 (1984), no. 3, 259-275. 

[3] F. Catrina and Z.-Q. Wang. On the Caffarelli- Kohn- Nirenberg inequalities: sharp con- 
stants, existence (and nonexistence), and symmetry of extremal functions . Comm. Pure 
Appl. Math., 54 (2001), no. 2, 229-258. 

[4] E. Colorado and I. Peral. Eigenvalues and bifurcation for elliptic equations with mixed 
Dirichlet- Neumann boundary conditions related to Caffarelli- Kohn- Nirenberg inequali- 
ties. (2003). Preprint. 

[5] V. De Cicco and M. A. Vivaldi. Harnack inequalities for Fuchsian type weighted elliptic 
equations. Comm. Partial Differential Equations, 21 (1996), no. 9-10, 1321-1347. 

[6] E. B. Fabes, C. E. Kenig and R. P. Serapioni. The local regularity of solutions of 
degenerate elliptic equations. Comm. Partial Differential Equations, 7 (1982), no. 1, 
77-116. 

[7] V. Felli and M. Schneider. Compactness and existence results for degenerate critical 

elliptic equations (2003). Preprint. 
[8] J. Heinonen, T. Kilpelainen and O. Martio. Nonlinear potential theory of degenerate 

elliptic equations. The Clarendon Press Oxford University Press, New York (1993). 

Scuola Internazionale Superiore di Studi Avanzati, S.I.S.S.A., Via Beirut 2-4, 34014 Trieste, 
Italy 

E-mail address: felli@sissa.it 



Mathematisches Institut, Im Neuenheimer Feld 288, D-69120 Heidelberg, Germany 
E-mail address: mschneid@mathi.uni-heidelberg.de 



